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AVERAGE CHAIN TRANSITIVITY AND THE ALMOST
AVERAGE SHADOWING PROPERTY
MUKTA GARG AND RUCHI DAS
Abstract. In this paper, we introduce and study notions of average chain
transitivity, average chain mixing, total average chain transitivity and almost
average shadowing property. We also discuss their interrelations.
1. Introduction
The basic goal of the theory of discrete dynamical systems is to describe the
nature of all trajectories of the system. However, in certain instances, it is almost
impossible to compute the exact initial value of x, which further leads to the ap-
proximate values of f(x), f2(x) and so on. In this process, instead of the actual
trajectory, we obtain an approximate trajectory of the system at x, which is named
as pseudo trajectory (or pseudo-orbit). The idea of putting these pseudo trajecto-
ries close to the true trajectories of the system motivates the theory of shadowing
property.
The shadowing property holds a significant portion of the theory of dynamical
systems because of its close relation to the stability and to the chaoticity of the
system. There are now various variants of this concept which exist in the literature,
for instance, one can refer [2, 3, 4, 5, 10] and some equivalences are obtained for
expansive homeomorphisms having shadowing property on compact metric spaces
[7, 8, 12].
One of the most significant properties of discrete dynamical systems is topological
transitivity. In topological transitive systems, any point x in the phase space can
be reached to any other point y of the space via true orbit of some point in any
neighborhood of x. The notion of chain transitivity is a natural generalization of
the notion of topological transitivity which connects any pair of points in the phase
space by a pseudo-orbit with any desired error bound. There might be a situation
that given an error bound δ, we are not able to obtain a δ-pseudo-orbit but it may
be easier to find an η-average-pseudo-orbit with any given average error bound η.
This motivates us to introduce the notion of average chain transitivity, which
is weaker than the notion of chain transitivity. We also introduce the notion of
almost average shadowing property and study its relation with the average chain
transitivity. The paper is organized as follows. In Section 2, we give notations
and necessary definitions required for remaining sections. In Section 3, we intro-
duce notions of average chain transitivity, average chain mixing, total average chain
transitivity and study the relations among them. Section 4 is devoted to the intro-
duction of the notion of almost average shadowing property (ALASP) and to the
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study of some of its properties. Here we also investigate the relation of the ALASP
with chain transitivity, chain mixing and chain components.
2. Preliminaries
Throughout this paper N denotes the set of natural numbers and Z+ denotes the
set of nonnegative integers. By a dynamical system, we mean a pair (X, f), where
X is a metric space with metric d and f : X → X is a continuous map. A sequence
{xi}i>0 in X is called an orbit of f if xi+1 = f(xi) for every i > 0 and for δ > 0,
{xi}i>0 is called a δ-pseudo-orbit of f if d(f(xi), xi+1) < δ for every i > 0. The
map f is said to have the shadowing property [1] if for every ǫ > 0, there is a δ > 0
such that every δ-pseudo-orbit {xi}i>0 is ǫ-shadowed by some point z ∈ X , that
is, d(f i(z), xi) < ǫ for every i > 0. For δ > 0, a sequence {xi}i>0 in X is called a
δ-average-pseudo-orbit of f if there is an integer N = N(δ) > 0 such that for all
n > N and all k > 0,
1
n
n−1∑
i=0
d(f(xi+k), xi+k+1) < δ.
The map f is said to have the average-shadowing property (ASP) [2] if for every
ǫ > 0, there is a δ > 0 such that every δ-average-pseudo-orbit {xi}i>0 of f is
ǫ-shadowed in average by some point z ∈ X , that is,
lim sup
n→∞
1
n
n−1∑
i=0
d(f i(z), xi) < ǫ.
Recall that for δ > 0 and x, y ∈ X , a δ-chain of f from x to y of length n ∈ N is a
finite sequence x0 = x, x1, . . . , xn = y satisfying d(f(xi), xi+1) < δ for 0 6 i 6 n−1.
Two points x, y ∈ X are called chain equivalent if for every δ > 0, there exist a
δ-chain of f from x to y and a δ-chain of f from y to x. A point x ∈ X is called
chain recurrent point of f if x is chain equivalent to itself. We denote the set of all
chain recurrent points of f by CR(f) and call it as chain recurrent set of f . It is
clear that the relation of being chain equivalent is an equivalence relation on CR(f).
An equivalence class under this equivalence relation is called a chain component of
f [1]. The map f is said to be chain transitive if for any δ > 0 and any pair x,
y ∈ X , there is a δ-chain of f from x to y and it is totally chain transitive if each
fk, k ∈ N, is chain transitive. The map f is said to be chain mixing if for any
δ > 0 and any pair x, y ∈ X , there exists N ∈ N such that for any n > N , there is
a δ-chain of f from x to y of length n [11].
We also recall that the map f is topologically transitive [1] if for any pair of
nonempty open sets U , V ⊆ X , there is an n ∈ Z+ such that fn(U)∩ V 6= ∅ and it
is topologically mixing if for any pair of nonempty open sets U , V ⊆ X , there is an
N ∈ N such that fn(U) ∩ V 6= ∅ for all n > N . It is well known that if f has the
shadowing property, then topological transitivity coincides with chain transitivity
and topological mixing coincides with chain mixing. For any A ⊆ Z+, we define
the upper density of A by
ud(A) = lim sup
n→∞
1
n
|A ∩ {0, 1, . . . , n− 1}|,
where | · | denotes the cardinality of the set.
A set A ⊆ Z+ is said to be syndetic if it has bounded gaps, that is, there
exists N ∈ N such that [n, n + N ] ∩ A 6= ∅ for every n ∈ Z+. The map f is said
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to be strongly ergodic if for any pair of nonempty open sets U , V ⊆ X , the set
N(U, V ) = {n ∈ Z+ : fn(U) ∩ V 6= ∅} is syndetic. The map f is totally strongly
ergodic if each fk, k ∈ N, is strongly ergodic. A point x ∈ X is said to be minimal
if for every neighborhood U of x, the set N(x, U) = {n ∈ Z+ : fn(x) ∈ U} is
syndetic.
3. Average chain transitivity and Average chain mixing
Let (X, f) be a dynamical system.
Definition 3.1. For δ > 0 and x, y ∈ X , a δ-average-chain of f from x to y of
length n ∈ N is a finite sequence x0 = x, x1, . . . , xn = y for which there exists
N ∈ N, N 6 n, such that for all N 6 m 6 n,
1
m
m−1∑
i=0
d(f(xi), xi+1) < δ.
Definition 3.2. The map f is said to be average chain transitive if for any δ > 0
and any pair x, y ∈ X , there is a δ-average-chain of f from x to y of some length
n. The map f is said to be totally average chain transitive if each fk, k ∈ N, is
average chain transitive.
Definition 3.3. The map f is said to be average chain mixing if for any δ > 0
and any pair x, y ∈ X , there exists n0 ∈ N such that for any given n > n0, there is
a δ-average-chain of f from x to y of length n.
Clearly, the following implications hold: transitivity =⇒ chain transitivity =⇒
average chain transitivity. Also mixing =⇒ chain mixing =⇒ average chain
mixing.
By the above implications we have that tent map on unit interval, doubling map
on circle, irrational rotations on circle, identity map on a connected metric space
are average chain mixing and adding machine on Cantor space (see [11]) is average
chain transitive.
Following are some examples of maps which are average chain mixing but not
chain transitive.
Example 3.4. Let (X, d) be a metric space with more than one element and
a ∈ X . Define f : X → X by f(x) = a for every x ∈ X . Then clearly f is not chain
transitive since for any pair x, y ∈ X with y 6= a, there is no δ-chain of f from x to
y with δ < d(y, a). To see that f is average chain mixing, take δ > 0 and x, y ∈ X .
The case y = a is trivial. Suppose y 6= a, say d(a, y) = ǫ > 0, choose n0 ∈ N such
that n0 > ǫ/δ. For any n > n0, define xi = f
i(x), 0 6 i 6 n − 1, xn = y. Then
the finite sequence {x0, x1, . . . , xn} satisfies
1
m
∑m−1
i=0 d(f(xi), xi+1) < δ for every
1 6 m 6 n which implies f is average chain mixing.
Example 3.5. Let X be a union of two disjoint circles with metric any d. Consider
the identity map, IX , on X . It is clear that IX is not chain transitive. However,
one can prove that IX is average chain mixing (as done in Example 3.4).
Example 3.6. Consider X = {1, 2, 3, . . . , 2k} for some fixed k ∈ N, with discrete
metric d and define f : X → X by f(i) = (i + 2)mod2k. Clearly, f is not chain
transitive for if i ∈ X is an odd number and j ∈ X is an even number, then there
does not exist any 1/2-chain of f from i to j. However, one can prove that f is
average chain mixing (as done in Example 3.4).
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Theorem 3.7. Let (X, f) be a dynamical system. If fk is average chain transitive
for some k > 1, then so does f .
Proof. Let δ > 0 and x, y ∈ X . Since fk is average chain transitive, there exists a
δ-average-chain, say {yi}06i6n, of fk from x to y. So there exists N ∈ N, N 6 n,
such that for all N 6 m 6 n,
1
m
m−1∑
i=0
d(fk(yi), yi+1) < δ.
Define
xpk+j =
{
f j(yp), 0 6 p 6 n− 1, 0 6 j 6 k − 1,
yn, p = n, j = 0,
that is, {xi}06i6nk = {y0 = x, f(y0), . . . , fk−1(y0), y1, f(y1), . . . , fk−1(y1), . . . , yn−1,
f(yn−1), . . . , f
k−1(yn−1), yn = y}. Then for all n 6 r 6 nk,
1
r
r−1∑
i=0
d(f(xi), xi+1) 6
1
n
n−1∑
i=0
d(fk(yi), yi+1) < δ.
Thus f is average chain transitive. 
Theorem 3.8. Let (X, f) be a dynamical system and f be Lipschitz function. If f
is average chain mixing, then it is totally average chain transitive.
Proof. Let k > 1, δ > 0 and x, y ∈ X . Since f is Lipschitz function, there
exists L > 0 such that d(f(a), f(b)) 6 Ld(a, b) for all a, b ∈ X . Without loss of
generality, we can assume that L > 1. Choose ǫ = δ/kLk−1. Since f is average
chain mixing, there exists n0 ∈ N such that for any n > n0, there is an ǫ-average-
chain of f from x to y of length n. Choose m > 0 such that mk > n0 so that
{x0 = x, x1, . . . , xmk = y} is an ǫ-average-chain of f from x to y. Then there exists
N ∈ N, N 6 mk, such that for all N 6 r 6 mk,
1
r
r−1∑
i=0
d(f(xi), xi+1) < ǫ.
Putting ǫi = d(f(xi), xi+1), 0 6 i 6 mk − 1, we have
1
mk
∑mk−1
i=0 ǫi < ǫ. Define
yj = xjk, 0 6 j 6 m. We claim that {y0, y1, . . . , ym} is a δ-average-chain of fk
from x to y. Note that using Lipschitz condition of f with the fact that L > 1, we
have
d(fk(y0), y1) = d(f
k(x0), xk) 6 d(f
k(x0), f
k−1(x1))+d(f
k−1(x1), f
k−2(x2))+ · · ·+
d(f(xk−1), xk) 6 L
k−1ǫ0 + L
k−2ǫ1 + · · ·+ ǫk−1 6 Lk−1(ǫ0 + ǫ1 + · · ·+ ǫk−1).
Similarly, one can prove that
d(fk(y1), y2) 6 L
k−1(ǫk + ǫk+1 + · · ·+ ǫ2k−1).
. . .
d(fk(ym−1), ym) 6 L
k−1(ǫ(m−1)k + ǫ(m−1)k+1 + · · ·+ ǫmk−1).
This in turn gives
1
m
m−1∑
i=0
d(fk(yi), yi+1) 6
1
m
Lk−1(ǫ0 + ǫ1 + · · ·+ ǫmk−1)
<
1
m
Lk−1(ǫmk) = Lk−1(ǫk) = δ.
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Thus fk is average chain transitive. 
Theorem 3.9. Let (X, f) be a dynamical system. If f is average chain mixing,
then f × f is average chain transitive.
Proof. Consider the metric d∗((x1, y1), (x2, y2)) = max{d(x1, x2), d(y1, y2)}, x1, x2,
y1, y2 ∈ X on X ×X . Let δ > 0 and (a, b), (c, d) ∈ X ×X . Then there exist n1,
n2 ∈ N such that for any p > n1 and any q > n2, there are δ/2-average-chains of f
from a to c and b to d of length p and q respectively. Taking n0 = max{n1, n2} we
have {x0 = a, x1, . . . , xn0 = c} and {y0 = b, y1, . . . , yn0 = d} are δ/2-average-chains
of f , that is, there exist N1, N2 ∈ N, N1, N2 6 n0, such that
1
m
m−1∑
i=0
d(f(xi), xi+1) < δ/2 for all N1 6 m 6 n0
and
1
r
r−1∑
i=0
d(f(yi), yi+1) < δ/2 for all N2 6 r 6 n0.
We claim that {(xi, yi)}06i6n0 is the required δ-average-chain of f × f from (a, b)
to (c, d). Taking N = max{N1, N2} we have for all N 6 n 6 n0,
1
n
n−1∑
i=0
d∗((f × f)(xi, yi), (xi+1, yi+1)) 6
1
n
n−1∑
i=0
[d(f(xi), xi+1) + d(f(yi), yi+1)]
< (δ/2 + δ/2) = δ.
Thus f × f is average chain transitive. 
Theorem 3.10. Let (X, f) be a dynamical system. If f is totally average chain
transitive, then f × f is average chain transitive.
Proof. Let δ > 0 and (a, b), (c, d) ∈ X × X . Since f is average chain transitive,
there exists a δ/4-average-chain of f from a to c, say {u0 = a, u1, . . . , un = c}, that
is, there exists N1 ∈ N, N1 6 n, such that
1
r
r−1∑
i=0
d(f(ui), ui+1) < δ/4 for all N1 6 r 6 n.
This gives
1
n
n−1∑
i=0
d(f(ui), ui+1) < δ/4.
Again using the average chain transitivity of f , there exists a δ/4-average-chain of
f from c to c, say {c = v0, v1, . . . , vp = c}, that is, there exists N2 ∈ N, N2 6 p,
such that
1
r
r−1∑
i=0
d(f(vi), vi+1) < δ/4 for all N2 6 r 6 p.
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This gives
1
p
p−1∑
i=0
d(f(vi), vi+1) < δ/4.
Since f is totally average chain transitive, fp is average chain transitive so that there
exists a δ/2-average-chain of fp from fn(b) to d, say {fn(b) = y0, y1, . . . , yq = d}.
Therefore
1
q
q−1∑
i=0
d(fp(yi), yi+1) < δ/2.
Define
xpm+j =
{
f j(ym), 0 6 m 6 q − 1, 0 6 j 6 p− 1,
yq, m = q, j = 0,
that is, {xi}06i6pq = {fn(b) = y0, f(y0), . . . , fp−1(y0), y1, f(y1), . . . , fp−1(y1), . . . ,
yq−1, f(yq−1), . . . , f
p−1(yq−1), yq}. Now define
zi =
{
f i(b), 0 6 i 6 n− 1,
xi−n, n 6 i 6 n+ pq,
that is, {zi}06i6n+pq = {b, f(b), . . . , fn−1(b), fn(b) = y0, f(y0), . . . , fp−1(y0), y1,
f(y1), . . . , f
p−1(y1), . . . , yq−1, f(yq−1), . . . , f
p−1(yq−1), yq = d}. Consider
1
n+ pq
n+pq−1∑
i=0
d(f(zi), zi+1) =
1
n+ pq
q−1∑
j=0
d(fp(yj), yj+1)
<
1
q
q−1∑
j=0
d(fp(yj), yj+1) < δ/2.
Thus {zi}06i6n+pq is a δ/2-average-chain of f from b to d.
Now define {wi}06i6n+pq = {a = u0, u1, . . . , un = c, v1, v2, . . . , vp = c︸ ︷︷ ︸
q-times
, v1, v2,
. . . , vp = c, . . . , v1, v2, . . . , vp = c}. Consider
1
n+ pq
n+pq−1∑
i=0
d(f(wi), wi+1) =
1
n+ pq
[ n−1∑
j=0
d(f(uj), uj+1) + q
p−1∑
k=0
d(f(vk), vk+1)
]
<
1
n
n−1∑
j=0
d(f(uj), uj+1) +
q
pq
p−1∑
k=0
d(f(vk), vk+1)
< (δ/4 + δ/4) = δ/2.
Thus {wi}06i6n+pq is a δ/2-average-chain of f from a to c.
Hence {(wi, zi)}06i6n+pq is a δ-average-chain of f × f from (a, b) to (c, d) under
the metric d∗. 
6
4. Almost average shadowing property
Let (X, f) be a dynamical system.
Definition 4.1. For δ > 0, a sequence {xi}i>0 in X is said to be almost δ-average-
pseudo-orbit of f if
lim sup
n→∞
1
n
n−1∑
i=0
d(f(xi), xi+1) < δ.
Definition 4.2. For ǫ > 0, an almost δ-average-pseudo-orbit {xi}i>0 of f is said
to be ǫ-shadowed in average by a point x ∈ X if
lim sup
n→∞
1
n
n−1∑
i=0
d(f i(x), xi) < ǫ.
Definition 4.3. A map f is said to have the almost average shadowing property
(ALASP) if for any ǫ > 0, there is a δ > 0 such that every almost δ-average-pseudo-
orbit {xi}i>0 of f is ǫ-shadowed in average by some point in X .
From the definition, it follows that the ALASP implies the ASP.
Remark 4.4. Consider the space X1 and the map f1 as given in [6, Example 9.1].
By similar arguments as given in [6, Theorem 9.2] one can prove that f1 has the
ASP but does not have the ALASP.
Clearly, constant maps have the ALASP. Following is an example of a map which
does not have the ALASP.
Example 4.5. Consider X = {a, b} with discrete metric d and f as the cycle
permutation of X defined by f(a) = b, f(b) = a. Fix ǫ = 1/3. Consider the
following finite sequences
y0 = {a, b},
y1 = {a, b, b, a},
y2 = {a, b, a, b, b, a, b, a},
. . .
yn = {a, b, . . . , a, b︸ ︷︷ ︸
2n
, b, a, . . . , b, a︸ ︷︷ ︸
2n
},
. . .
Take {xi}i>0 = {y0 ∨ y1 ∨ · · · ∨ yn ∨ . . . }, where ∨ denotes the chain join. For
example, y0 ∨ y1 = {a, b, a, b, b, a}. Let Kn =
n∑
j=1
2j = 2(2n − 1), n ∈ N. Then
1
Kn
Kn−1∑
i=0
d(f(xi), xi+1) =
2(n− 1)
2(2n − 1)
→ 0 as n→∞
which implies
lim sup
n→∞
1
Kn
Kn−1∑
i=0
d(f(xi), xi+1) = 0.
This gives {xi}i>0 is an almost δ-average-pseudo-orbit of f for every δ > 0. Now
for z ∈ {a, b}, suppose z = a (the case z = b follows similarly).
xi = a, b, a, b, b, a, a, b, a, b, b, a, b, a, a, b, a, b, a, b, a, b, b, a, b, a, b, a, b, a . . .
f i(z) = a, b, a, b, a, b, a, b, a, b, a, b, a, b, a, b, a, b, a, b, a, b, a, b, a, b, a, b, a, b . . .
Then
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1Kn
Kn−1∑
i=0
d(f i(z), xi) =
2(2n−1 − 1)
2(2n − 1)
→
1
2
as n→∞
which gives
lim sup
n→∞
1
Kn
Kn−1∑
i=0
d(f i(z), xi) =
1
2
> ǫ.
Thus f does not have the ALASP.
Theorem 4.6. Let (X, f) be a dynamical system. If f has the ALASP, then so
does fk for every k > 1.
Proof. Let k > 1 and ǫ > 0. Suppose δ > 0 is obtained for ǫ/k by the ALASP of
f . Let {yi}i>0 be an almost δ-average-pseudo-orbit of f
k. Then
lim sup
n→∞
1
n
n−1∑
i=0
d(fk(yi), yi+1) < δ.
Define xmk+j = f
j(ym) for m > 0, 0 6 j 6 k − 1. Then for n ∈ N, there exist
m > 0 and 0 6 j 6 k − 1 such that n = mk + j. Therefore we have
lim sup
n→∞
1
n
n−1∑
i=0
d(f(xi), xi+1) = lim sup
m→∞
1
mk + j
mk+j−1∑
i=0
d(f(xi), xi+1)
= lim sup
m→∞
1
mk + j
m∑
i=0
d(fk(yi), yi+1)
6 lim sup
m→∞
1
m+ 1
m∑
i=0
d(fk(yi), yi+1) < δ.
This gives {xi}i>0 is an almost δ-average-pseudo-orbit of f so that there exists
z ∈ X such that
lim sup
n→∞
1
n
n−1∑
i=0
d(f i(z), xi) < ǫ/k.
Now consider
lim sup
n→∞
1
n
n−1∑
i=0
d((fk)i(z), yi) = lim sup
n→∞
1
n
n−1∑
i=0
d(fki(z), xki)
6 lim sup
n→∞
1
n
n−1∑
i=0
k−1∑
j=0
d(fki+j(z), xki+j)
= k lim sup
n→∞
1
nk
nk−1∑
r=0
d(f r(z), xr) < ǫ.
Thus fk has the ALASP. 
Theorem 4.7. Let (X, f), (Y, g) be two bounded dynamical systems with metric
d1, d2 respectively. If f and g have the ALASP, then so does f × g.
Proof. Consider the metric d∗((x1, y1), (x2, y2)) = max{d1(x1, x2), d2(y1, y2)}, x1,
x2 ∈ X , y1, y2 ∈ Y on X × Y . Let ǫ > 0 and D = diam(X × Y ) which is finite,
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X , Y being bounded. Choose 0 < η < ǫ. Suppose δ1 > 0, δ2 > 0 are obtained
for η2/(2D + 1)
2
by the ALASP of f , g respectively. Let δ = min{δ1, δ2} and
{(xi, yi)}i>0 be an almost δ-average-pseudo-orbit of f × g. Then
lim sup
n→∞
1
n
n−1∑
i=0
d∗((f × g)(xi, yi), (xi+1, yi+1)) < δ.
This gives
lim sup
n→∞
1
n
n−1∑
i=0
d1(f(xi), xi+1) < δ and lim sup
n→∞
1
n
n−1∑
i=0
d2(g(yi), yi+1) < δ.
Therefore there exist x ∈ X and y ∈ Y such that
lim sup
n→∞
1
n
n−1∑
i=0
d1(f
i(x), xi) < η
2/(2D + 1)2
and
lim sup
n→∞
1
n
n−1∑
i=0
d2(g
i(y), yi) < η
2/(2D + 1)2.
Define the sets A = {i ∈ Z+ : d1(f i(x), xi) > η/(2D + 1)}, B = {i ∈ Z+ :
d2(g
i(y), yi) > η/(2D+1)} and C = {i ∈ Z+ : d∗((f ×g)i(x, y), (xi, yi)) > η/(2D+
1)}. Then
η2
(2D + 1)2
> lim sup
n→∞
1
n
n−1∑
i=0
d1(f
i(x), xi) > ud(A)
η
2D + 1
.
This gives ud(A) 6 η/(2D + 1). Similarly, ud(B) 6 η/(2D + 1). Since ud(C) 6
ud(A) + ud(B), ud(C) 6 2η/(2D+ 1). For n ∈ N,
1
n
n−1∑
i=0
d∗((f × g)i(x, y), (xi, yi)) 6
1
n
[(n− |{0, 1, . . . , n− 1} ∩C|)η/(2D + 1)]
+
1
n
[|{0, 1, . . . , n− 1} ∩ C|]D =
η
2D + 1
+
(
D −
η
2D + 1
) 1
n
(|{0, 1, . . . , n− 1} ∩ C|).
This in turn gives
lim sup
n→∞
1
n
n−1∑
i=0
d∗((f × g)i(x, y), (xi, yi)) 6
η
2D + 1
+
(
D −
η
2D + 1
)
ud(C)
6
(2D + 1)
(2D + 1)
η = η < ǫ.
Thus f × g has the ALASP. 
We have the following result using [9, Theorem 3.2].
Theorem 4.8. Let (X, f) be a compact dynamical system. If f has the ALASP
and the minimal points of f are dense in X, then f is totally strongly ergodic.
Following example justifies that the shadowing property need not imply the
ALASP.
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Example 4.9. Consider the Cantor set Σ2 = {0, 1}N with the metric d(x, y) =
inf{2−k : xi = yi for all i < k} for every x = (x1, x2, . . . ), y = (y1, y2, . . . ) ∈ Σ2.
Then the identity map IΣ2 on Σ2 has the shadowing property [1]. However, every
point of Σ2 is minimal point of IΣ2 which implies that IΣ2 does not have the ALASP,
by Theorem 4.8.
The following result can be obtained using [6, Lemma 3.1]. However, we have
the following direct proof also.
Theorem 4.10. Let (X, f) be a compact dynamical system and f be surjective. If
f has the ALASP, then f is chain transitive. In particular, CR(f) = X.
Proof. Let δ > 0 and x, y ∈ X . Since f is uniformly continuous, for this δ,
there exists η, 0 < η < δ, such that for all a, b ∈ X with d(a, b) < η we have
d(f(a), f(b)) < δ. By the ALASP of f , for this η, there exists ζ > 0 such that every
almost ζ-average-pseudo-orbit of f is η/2-shadowed in average by some point in X .
Choose N0 ∈ N such that
D
N0
< ζ, where D = diam(X). Since f is surjective, let
y−j ∈ f−1(y−j+1), 1 6 j 6 N0 − 1, where y0 = y. For k ∈ Z+, define
w2kN0+j = f
j(x), 0 6 j 6 N0 − 1,
w(2k+1)N0+j = y−(N0−1)+j , 0 6 j 6 N0 − 1.
So {wi}i>0 ≡ {x, f(x), . . . , fN0−1(x), y−(N0−1), y−(N0−2), . . . , y−1, y, x, f(x), . . . ,
fN0−1(x), y−(N0−1), y−(N0−2), . . . , y, . . . }.
Now for mN0 6 n < (m+ 1)N0, m ∈ N,
1
n
n−1∑
i=0
d(f(wi), wi+1) 6
mD
mN0
=
D
N0
.
This gives
lim sup
n→∞
1
n
n−1∑
i=0
d(f(wi), wi+1) 6
D
N0
< ζ.
Therefore {wi}i>0 is an almost ζ-average-pseudo-orbit of f so that there exists
z ∈ X such that
lim sup
n→∞
1
n
n−1∑
i=0
d(f i(z), wi) < η/2. (1)
Note that there are infinitely many k ∈ Z+ for which there exist ik ∈ {2kN0,
2kN0 + 1, . . . , (2k + 1)N0 − 1}, that is, wik ∈ {x, f(x), . . . , f
N0−1(x)} such that
d(f ik(z), wik) < η otherwise it will lead to
lim sup
n→∞
1
n
n−1∑
i=0
d(f i(z), wi) > η/2,
which contradicts (1). Similarly, an analogous statement holds with 2k replaced
by 2k + 1 and f j(x) replaced by y−(N0−1)+j for 0 6 j 6 N0 − 1. Therefore we
can choose two positive integers k0, m0 such that ik0 < jm0 , wik0 = f
k1(x) for
some 0 < k1 < N0 satisfying d(f
ik0 (z), wik0 ) < η and wjm0 = y−m1 for some
0 < m1 < N0 satisfying d(f
jm0 (z), wjm0 ) < η.
10
Thus the required δ-chain of f from x to y is as follows:
{x, f(x), . . . , fk1−1(x), fk1(x) = wik0 , f
ik0+1(z), f ik0+2(z), . . . , f jm0−1(z), wjm0 =
y−m1 , y−m1+1, . . . , y−1, y}. Hence f is chain transitive. 
We recall that if (X, f) is a compact dynamical system, then f is totally chain
transitive iff f is chain mixing [11].
Theorem 4.11. Let (X, f) be a compact dynamical system and f be surjective. If
f has the ALASP, then f is chain mixing.
Proof. The proof follows from Theorem 4.6, Theorem 4.10 and the fact that total
chain transitivity implies chain mixing. 
Remark 4.12. Example 4.5 justifies that average chain mixing need not imply the
ALASP. Also, note that identity map on a compact connected metric space is chain
mixing but does not have the ALASP, by Theorem 4.8.
Following result shows that a map having the ALASP on a compact metric space
has only one chain component, namely, its chain recurrent set.
Theorem 4.13. Let (X, f) be a compact dynamical system. If f has the ALASP,
then CR(f) consists of a single chain component.
Proof. Suppose that Ω1 and Ω2 are two distinct chain components of f in CR(f).
Since X is compact, Ω1, Ω2 are closed and f(Ω1) ⊆ Ω1, f(Ω2) ⊆ Ω2 which implies
∩n>0f
n(Ω1) 6= ∅ and ∩n>0f
n(Ω2) 6= ∅. Let x ∈ ∩n>0f
n(Ω1) and y ∈ ∩n>0f
n(Ω2).
Then x ∈ Ω1 such that x = f i(wi) for every i > 0, for some wi ∈ Ω1 and y ∈ Ω2
such that y = f j(zj) for every j > 0, for some zj ∈ Ω2. Let δ > 0 be given.
Choose ζ and N0 as in Theorem 4.10. Consider almost ζ-average-pseudo-orbits
{x, f(x), . . . , fN0−1(x), zN0−1, f(zN0−1), . . . , f
N0−2(zN0−1), y, x, f(x), . . . , f
N0−1(x),
. . . } and {y, f(y), . . . , fN0−1(y), wN0−1, f(wN0−1), . . . , f
N0−2(wN0−1), x, y, f(y), . . . ,
fN0−1(y), . . . }. By similar arguments as given in Theorem 4.10 one can prove that
x and y are chain equivalent. This gives Ω1 = Ω2, which is a contradiction. Thus
CR(f) consists of a single chain component. 
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